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Abstract 

We derive constraints on the sign of couplings in an effective Higgs Lagrangian using prime 
principles such as the naturalness principle, global symmetries, and unitarity. Specifically, we study 
four dimension-six operators. Oh-, Oy, Og, and O^, which contribute to the production and decay 
of the Higgs boson at the Large Hadron Collider (LHC), among other things. Assuming the Higgs 
is a fundamental scalar, we find: 1) the coefficient of Oh is positive except when there are triplet 
scalars, resulting in a reduction in the Higgs on-shell coupling from their standard model (SM) 
expectations if no other operators contribute, 2) the linear combination of Oh and Oy controlling 
the overall Higgs coupling to fermion is always reduced, 3) the sign of Og induced by a new colored 
fermion is such that it interferes destructively with the SM top contribution in the gluon fusion 
production of the Higgs, if the new fermion cancels the top quadratic divergence in the Higgs mass, 
and 4) the correlation between naturalness and the sign of O^ is similar to that of Og, when there 
is a new set of heavy electroweak gauge bosons. Next considering a composite scalar for the Higgs, 
we find the reduction in the on-shell Higgs couplings persists. If further assuming a collective 
breaking mechanism as in little Higgs theories, the coefficient of Oh remains positive even in the 
presence of triplet scalars. In the end, we conclude that the gluon fusion production of the Higgs 
boson is reduced from the SM rate in all composite Higgs models. Our study suggests a wealth of 
information could be revealed by precise measurements of the Higgs couplings, providing strong 
motivations for both improving on measurements at the LHC and building a precision machine 
such as the linear collider. 
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I. INTRODUCTION 



The coming experiments at the Large Hadron CoUider (LHC), by directly exploring 
physics at the weak scale, are set to unveil the precise dynamics of electroweak symmetry 
breaking. Indeed, the accurate measurements performed at lower energies by LEPl/SLC 
and LEP2 already provide important indirect information. It is fair to say that, according 
to these results, the favored scenario is one in which the dynamics is weak up at least the 
multi-TeV range and a light Higgs degree of freedom exists \U. In recent years interesting 
theoretical progress, based on extra-dimensional constructions |2|, was also made towards the 
construction of Higgsless theories of electroweak symmetry breaking. Constructions along 
those lines have perhaps a better chance than ordinary technicolor to satisfy the electroweak 
precision tests. But, as far as we know right now, they compare less well to models featuring 
a light Higgs. In the end approaches utilizing a Higgs-like scalar appear more promising. 

Quantum mechanically, a scalar particle like the Higgs receives corrections to its mass- 
squared that are quadratically sensitive to ultraviolet (UV) physics, and much of the model- 
building activity centers on devising ways to reduce this UV sensitivity. On symmetry 
grounds two general classes of models exist to date: those using spontaneously broken acci- 
dental global symmetries, under which the Higgs may arise as a pseudo-Nambu-Goldstone 
boson (PNGB) and those possessing low-scale supersymmetry. While supersymmetry 

has been the leading candidate for weak scale physics for several decades, the idea that Higgs 
may be a PNGB was first considered many years ago by Refs. 0, || and resurrected after 
the proposal of little Higgs theories [5|-0] and of holographic Goldstone models jsl lof. In 
this class of theories, the Higgs boson arises as a composite particle out of some unknown 
strong dynamics at a scale /. The presence of a moderate separation between the weak 

— 1/2 

scale Gp = v and / allows to keep under control the unwanted corrections to electroweak 
precision observables. Little Higgs models aim at explaining the smallness of f^//^ in a fully 
natural way, as a loop effect. Holographic Goldstone models, instead, content themselves 
by explaining f^//^ ^ 1 as the result of an accidental cancellation, which does not seem 
implausible given that a mild hierarchy v"^ / p < 0.1 — 0.3 is sufficient in the existing models. 
Moreover, also thanks to their somewhat less ambitious goal, holographic models can rely on 
a simpler structure (symmetries, couplings, and multiplets) than the ambitious little Higgs 
models. Thus it is fair to keep both classes of models under consideration. On the other 
hand, there are models, supersymmetric or not, which do not address the issue of cancella- 



tions of quadratic divergences in the Higgs mass, such as those in Refs. |lOl . . In particular 



in the model of Ref. the presence of new states at the weak scale is associated with the 
dark matter problem and the gauge unification constraints, rather than with electroweak 
symmetry breaking. 

If the Higgs boson is in the hundred GeV range, and any new particles interacting with 
it are heavier, then it is possible to integrate out the heavy states and study properties 
of the Higgs boson by an effective Lagrangian technique [l2|. Different approaches to an 
effective Higgs Lagrangian have been followed in the literature. A first approach consists in 
writing down all possible operators in a large mass expansion, without making any dynamical 
assumption. A second, complementary, approach consists of focusing on one very specific 
model, computing the effective coefficients, and scanning through the allowed parameter 
space. Besides these two approaches, it is possible to have a third approach instead, which 
corresponds roughly to marrying the first two by making simple dynamical assumptions 
that encompass a general class of models. A specific example of this third approach is given 
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by the strongly interacting light Higgs effective Lagrangian (SILH) [13|, which concentrates 
on the general scenario where the Higgs is a light composite PNGB, while the rest of the 
SM particles are elementary. Which of the above approaches to choose depends on the 
questions one wants to ask. Now, given the uncertainty of what could (and could not) be 
seen at the LHC, and the realization that several models could lead to similar first-order 
predictions at the LHC, we think it is important to ask structural and global questions 
such as: Is physics at the electroweak scale natural? Is the Higgs boson fundamental or 
composite? If new particles are discovered, who ordered them? Are they responsible for 
canceling the Higgs quadratic divergences? In this regard, neither of the first two methods 
is adequate. For instance, in the first approach there is no assessment as to which effects 
are genuinely associated with the electroweak breaking dynamics and which are not. On 
the other hand, the third method, based on definite dynamical assumptions, seems better 
suited to ask questions which are relevant to structure and dynamics. 

In this paper we initiate a study to address the aforementioned structural and global 
questions. We adopt a top-down approach by exploring possible theoretical constraints 
on the sign of the Higgs effective couplings from the naturalness principle and from other 
prime principles such as global symmetry patterns and unitarity. Even though we will base 



our work on the SILH Lagrangian in Ref. [13|, most of our results do not depend on the 



SILH assumption on the PNGB nature of the Higgs, and can be applied to the case of a 
fundamental Higgs scalar, in particular to supersymmetric models. The advantage of using 
the SILH Lagrangian is power counting: we will be able to understand which operators are 
genuinely sensitive to the underlying strong dynamics occurring at the scale /, as well as 
the relative importance of different operators when it comes to the collider phenomenology. 

According to the results in Ref. [l3|, the most relevant effects of a strongly- interacting 
light Higgs are described by the following dimension-six effective operators: 

Oh = d^^{WH)d,{WH) Oy = WHhHfn + h.c. , 



where we use the same notation as in [13[ . The operator Oh renormalizes the Higgs kinetic 
term, after the Higgs gets a vacuum expectation value (VEV) {H) = {0,v/ \/2)^ , and con- 
tributes to the high energy limit of the scattering amplitudes for longitudinal gauge bosons, 
while the operator Oy modifies the Higgs coupling to the SM fermions, in particular the top 
quark. Therefore these four operators control, among other things, the Higgs production 
rate in the gluon fusion channel and decay width in the di-photon channel The gluon 
fusion channel is the dominant production mechanism of the Higgs at the LHC, while the 
decay to two photons is the main discovery mode for a Higgs mass below 140 GeV. 

This paper is organized as follows: in Section |TT] we recall basic results for the SILH 
Lagrangian. Section HI discusses theoretical constraints on the sign of the coefficient of Oh, 
followed by Section IV which considers constraints on Og, Oy, and O^. In Section IVl we 
present a synthesis of our results and summarize. 



II. THE SILH EFFECTIVE LAGRANGIAN 

Many of our results are quite general and apply to theories with either a fundamental 
or composite Higgs scalar. Nevertheless, it will be convenient to adopt the composite Higgs 
model as a benchmark scenario and use the SILH Lagrangian as a reference frame, whose 
results we briefly review here. 
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The generic scenario of Higgs compositeness to which httle Higgs and holographic Higgs 
models belong can be characterized as follows: 



1. The Higgs doublet H results from some new (strong) dynamics broadly described 
by two parameters m^, the mass scale of composite states, and Qp, their self-coupling. 
From this definition it follows that non-renormalizable Higgs self-interactions are char- 
acterized by the coupling scale / = irip/ Qp. In models where the Higgs is a PNGB the 
scale / corresponds to the decay constant of the non- linear sigma model (nlcrm). 

2. The vector bosons and the fermions of the SM are elementary up to well above the 
Fermi scale. The vectors are coupled to the strong sector via a weak gauging of a 
SU{?>)c X SU{2) L X U{1)y subgroup of its global symmetry group G. The fermions are 
coupled via the same interactions that give rise to Yukawa couplings. In particular, 
apart from the top quark, the SM fermions are very weakly coupled to the strong 
dynamics. 

Under these assumptions (and with a two more specifications we shall explain below) the 
deviations from the SM at energy E < rup are described at leading order by the following 
dimension-six effective Lagrangian [ISi]-^: 

-'-^{H^Hf + (^^H^HhHfn + h.c.) 



+Ti^2-2H^HB,,B^'^ + T^4^^^^M-^'^ (2) 

where g, and g' are the SM SU{3)c x SU{2)w x f/(l)y gauge couplings, respectively, and 
yt is the SM top Yukawa coupling. Our notation and definition is such that 

^ = 7!(ft°)=7i(ft^ti!!') ^"^ H<D'H = H^D^H-(D^H)>H. (3) 

Notice that the limiting case gp ~ Att corresponds to a maximally strongly-coupled theory 
in the sense of naive dimensional analysis (NDA) [lH. However in the existing explicit 
models one understandably relies on a weaker coupling in order to retain computational 
control. For example, in the little Higgs theories [5] gp can be as weak as the typical SM 
coupling gp ~ gsM, while in the holographic Higgs models [1] it is assumed gsM ^ gp ^ 47r. 
We should stress that even in theories other than the composite Higgs models, it is still 
useful to think of the new physics in terms of the generic interaction strength gp and mass 



This is the subset of the Hst in Ref. 



14j which is compatible with assumptions 1 and 2. 
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scales of new particles m^. For instance in supersymmetric theories, we have gp ~ gsM and 
/ ~ msusv/gp-'^ 

The coefficients ch through Cg are expected to be of order 1 in a generic composite 
Higgs model. Counting of the power of m^, gp and loop factors in Eq. ([2]) can then be 
understood intuitively. For example, the terms in the first three lines are obtained from 
similar interactions of the SM by paying a factor of 1// for each additional PNGB and 
a factor l/m^ for each additional derivative. The terms in the fourth line are instead 
suppressed by a loop factor, which corresponds to assuming that in the limit gp < Air the 
underlying theory is an ordinary minimally coupled gauge theory, as is the case for little 
Higgs and holographic Higgs theories. Indeed the operators associated to chb and chw 
give rise to such effects like an anomalous magnetic moment of the SM W boson which in 
minimally coupled theories only arise at the loop level. Notice however that in the case 
of maximal NDA coupling gp ~ Air the terms in the fourth line are not suppressed with 
respect to those in the third line. Finally the two operators appearing in the fifth line both 
violate minimal coupling and break explicitly any Goldstone symmetry under which the 
Higgs boson shifts. This property explains our parametrization of their coefficient as we will 
better explain below. Notice that the PNGB nature of the Higgs was assumed only in the 
fifth line of Eq. ([2]). 



As discussed in detail in Ref. [13|], the most relevant operators in Higgs physics at the 
LHC are 

CyVi Cggl c^g'^ g\^ 



2/2 /2 ^' 167r2/2^2 S' 167r2/2^2 



2 / f2 



The operator associated with ct gives a contribution to to the p-parameter 6p = Crv I f \ so 



we expect o^to be small either for symmetry reasons (e.g., custodial symmetry 0,0, [ITJ, T 



parity [l8l-20|) or by simple tuning. The term cg in Eq. ([2]) gives potentially important effects 
but only in Higgs self interactions, which are difficult to test at the LHC. The operators 
in the third line give subleading effects in the coupling to vector bosons, and moreover are 
already constrained by the LEP bounds on the S parameter. The operators in the fourth 
line gives potentially sizable 0{v'^ / p) effects, but only to observables like the decay rate 
of /i — )■ Z7, which are difficult to study at the LHC. Finally one should remark that for gp 
much bigger than the SM couplings, say gp ^ yt like in the simple Georgi-Kaplan PNGB 
Higgs models jl, 0|, the effects of Cg and are suppressed relative to those of ch and Cy. 
But this is not the case in little Higgs models, in which gp ^ yt, and whenever there exists 
light colored or charged states with mass below irip. 

Let us analyze more closely the four relevant operators in Eq. (jlj). The operator Oh 
contains four Higgs fields and two derivatives, and is thus suppressed by I//2 using the above 
power counting. There are several possible sources for Oh- First, integrating out heavy 
vectors and scalars coupling to the Higgs field at the tree-level will induce Oh regardless of 
whether the Higgs is a PNGB or not. Secondly, if the Higgs is a PNGB, there are additional 
contributions from the nlcrm. In Section IIIII we will discuss these effects in detail. On the 
other hand, Oy breaks the same global symmetry as the SM Yukawa coupling, and has 
two more Higgs fields than the Yukawa coupling, which explain the yt/ P suppression. The 
coefficient of Og and O^ can be understood in various ways. For instance the coefficient of 



^ However, in supersymmetry with R-parity and a fundamental Higgs scalar, the c's in the first three lines 
of Eq. © are all one-loop suppressed ~ g^j^ /IQn'^ . Similarly for KK-parity in extra-dimensional models. 



5 



Og can be written as 



TT 



2 



by which counts the external SM gluon legs, l/m^ counts the operator dimension, Qp/IQ 
counts the fact that these operators arise at one-loop level in minimally coupled theories, 
and finally QsmIqI represents the Goldstone boson suppression. In fact Og and break 
the Goldstone shift symmetry + Cq, in precisely the same way the Higgs mass 

term does. Eq. ([5]) then follows by assuming that no couplings, other than gsM-, break 
the Goldstone shift symmetry that protects the Higgs mass. Therefore, quite generally, by 
symmetry and dimensional analysis the coefficient of Og can be estimated by attaching four 
derivatives (the field-strength squared) to the generic contribution to the Higgs mass term: 

5m]jH^H^^n^,G^- . (6) 

Assuming the heavy particle with mass nip cuts off the Higgs quadratic divergence, 5m\j ~ 
(^l^^m^/ievr^, we obtain again Eq. Our power counting thus applies to more general 
scenarios than composite Higgs models, such as weak-scale supersymmetry. 

It is worth commenting that in an unnatural theory effects of Og and O^ could be larger. 
In the case where the Higgs mass is light simply because of a tuning between the bare mass 



Og and O^, barring additional tunings, would be 



term and the radiative corrections, 5m\j ~ gpmp/lQTT\ then the proper parametrization for 

Id be 

H^HBp,B^^\ ^M3iH^HG^,G^\ (7) 



with ~ ~ 1. The above result gives sizable 0{1) effects even when the lightest new 
states are rather heavy with nip ~ Airf ~ At^v ~ 2 TeV. Keeping this comment on unnatural 
theories in mind, in the rest of this section we will only focus on the PNGB case. 

Aside from the above discussion of the physics underlying the SILH Lagrangian, a final 
technical comment is in order. The form of a Lagrangian can be changed, without affect- 
ing the physics, by reparametrizing the field variables. This well-known fact is particularly 
important when dealing with effective Lagrangians based on a large mass expansion. In 
our case, reparametrizing the fields by treating 1//^ as a small parameter, or, equivalently 
using the leading order equations of motion, the form of the dimension-six effective La- 
grangian can be modified without affecting physics at 0{1/ p). In Eq. ([2]) a specific field 
parametrization was chosen so as to remove that redundancy. More specifically, by using 
the reparametrization freedom 

H ^ H + a{H^H)H/p, (8) 



the operator Or = H'^ H [D [D^ H) was removed in the SILH Lagrangian 13|]. Indeed it 
is easy to see that, under Eq. ([H]), the Higgs kinetic term transforms as 

{DpH)\D^^H) ^ (DpHyiD^H) + j^d>^{H^ H)dp{H^ H) + j^H^H{DpH)\D^^H). (9) 

while the Yukawa interaction transforms as 

l + a^\hHfR. (10) 
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We thus deduce the useful operator identity (satisfied on the SM equations of motion, and 
neglecting the Higgs potential) 

20r = Oy - Oh. (11) 

Equivalently defining the coefficient of Or to be 0^/(2/^), then under reparametrization of 
the Higgs field in Eq. ^ we have 

Ch Ch + 2a, c^, — )■ + 4a, Cy ^ Cy — a, (12) 

with all other coefficients unaffected. Notice that the top Yukawa coupling in the SM is 
defined as —ytfhHfR in our convention, hence the sign of the shift in Cy. Starting from 
a generic Lagrangian with 7^ 0, the SILH basis is obtained by choosing a = —Cr/4:. 
Therefore parameters in the SILH basis are related to those in a general basis by 

'^^IsiLH ^ '^^ ~ '^y\siLH ^ '^y ~^ (-'-^) 

Physical amplitudes should depend only on reparametrization-invariant combination of pa- 
rameters. 

Eq. dH]) is an instance of a reparametrization of the dynamical variables in the composite 
sector to which the Higgs is assumed to belong. On the other hand, the vectors and fermions 
of the SM are assumed to be elementary. Technically this means (assumption 2 at the 
beginning of this section) that there exists a parametrization of the corresponding fields such 
that, neglecting the small effects of Yukawa couplings, all new physics effects are described 
by "obhque" operators which involve only vector bosons and Higgses. Eg. ([2]) is derived by 
working in such a basis, which is the same basis as employed in Ref. |2l|. One advantage 
of working in this basis is that there are no corrections to vertices between SM vectors and 
fermions, allowing for a simple parametrization of the electroweak precision parameters. 
A generic operator basis can be obtained from ours by performing the following covariant 
redefinition of low-energy gauge fields: 

g'B^ g'B^, + ^H^D^H, (14) 



^ gW-^ + ^H^a'^D.H, (15) 



under which ch, Cr, and ct shift. Moreover, from the gauge- covariant derivative in the 
fermion kinetic term, operators such as H'Dfj^H{fi'j^fi) are generated, which modify SM 
vector-fermion vertices. When integrating out heavy vectors by working in the mass eigen- 
basis such terms are generically obtained. On the other hand, by working in the interaction 



eigenbasis [21|, |22| , that is defining the low-energy vector as the one that couples to the SM 
fermion, only oblique operators are generated. Needless to say, the low-energy physics does 
not depend on which interpolating fields we choose, as long as the one we keep fixed (as 
the low-energy field) has a non- vanishing matrix element (VF^MlW^milO) between the vacuum 
and the light gauge boson. 

Using the parametrization in Eq. ([2]) we can compute on-shell amplitudes of production, 
decay, and scattering processes. For example, the Higgs decay to fermions can be shown to 



7 



be^ 



r(/^ ^ //) (X [i-e(cH + 3c,)] 



(16) 



where ^ = v"^/ However, we are more interested in comparing the results to the corre- 
sponding SM predictions, which requires absorbing the Oiy"^ j p) contributions to the SM 
input parameters such as the fermion masses m/, Higgs mass uih-, and Fermi decay constant 
Gp = l/f^ = (246 GeV)~^. Below we quote from Ref. [l3| three amplitudes that most 
concern us in this study: 



T{h ^ //) 

r(/i -> gg) 
T{h ^ 77) 



nh^ ff)sM[i-acH+2cy% 



r(/i gg)sM 
T{h 77)5M 



(17) 
(18) 



^Re 



1 + J^/L 
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^ Ch - igVgp)cw ^ {^gygp)c^ 

Iry I J y 



1 + I^/J^ 



(19) 



where the loop functions / and J are compiled in Appendix C of Ref. ^3|. The above 
relations make clear why we focus on the four operators in Eq. ([1]): these are the four 
operators controlling the partial decay widths of the Higgs to //, gg, and 77. In r{h — > 77) 
there is also a contribution of cw, which can compete with those from ch and Cy for gp ~ gsM- 
The power counting in Eq. (jlj) helps us understand the relative importance of various 
operators in the on-shell amplitudes. For example, in composite Higgs theories where gp > 
gsM, the largest effect in the on-shell amplitudes would come from Oh and Oy, which are 
sensitive to the strongly-interacting sector responsible for breaking the electroweak symmetry 
On the other hand, Og and can potentially compete with Oh and Oy when there 
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are light states actively involved in the cancellation of the quadratic divergence in m%. In 
our parametrization this corresponds to the situation in which gp ~ gsM and rrip ~ gsuf ■ 



III. THEORETICAL CONSTRAINTS ON Oh 



The operator Oh has two main phenomeno logical consequences [13|. First, after H gets 
a VEV, it gives an additional contribution to the neutral Higgs kinetic term. Canonically 
normalizing the kinetic term amounts to a rescaling of the neutral Higgs field by the factor 
l/Vl + ^ch — 1 — which reduces the single Higgs on-shell couplings by the same 

factor relative to the SM expectation. Secondly Oh modifies the high-energy behavior of the 
scattering amplitudes involving longitudinal vector bosons (and neutral Higgses). In unitary 
gauge this follows from the modification of the hVV coupling, implying Higgs exchange 
does not perfectly unitarize scattering amplitudes |l3l| . It is also evident working with 
the Goldstone bosons via the equivalence theorem |23|: Oh implies scattering amplitudes 



^ We use the notation H for the SU{2)l doublet scalar and h for the neutral component of H which gets 
a VEV: h + v. 

More generally, in a basis where Cr is non- vanishing, the coefhcient of ^ in Eq. (I16p is replaced by ch + 
Cr/4 + 3cj,, which is easily seen to be reparametrization invariant under Eq. (I12p . 
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growing like E"^. Indeed its coefficient g^p/m^p shows that Oh directly tests the non-linearity 
of the Higgs sector. 

In this section we study a positivity constraint on c^, and its exceptions. We consider 
three contributions to Ch: 1) from a nlcrai, 2) from integrating out a heavy scalar, and 3) 
from integrating out a heavy vector. It can be shown, using group-theoretic methods that, 
contributions to ch from 1) and 3) are always positive. We will also consider unitarity con- 
straints on the sign of Ch using dispersion relations, which reveal the contribution from 2) is 
positive except when there is a doubly-charged scalar such as an SU{2)l triplet. Statements 
2) and 3) are independent of the composite nature of the Higgs boson and apply to models 
with a fundamental scalar as well. 



A. Contributions Prom Non-linear Sigma Models 



The most general nlcrm Lagrangian based on a coset G/H, where G is the full symmetry 
group and H the unbroken subgroup, can be written down using the CCWZ formalism 



241 125| . We will use the notation T* for the unbroken group generators in H and X"" the 



broken generators in G/H. Since there is no gauge- covariant derivative in Oh, we will turn 
off all the gauge fields in this subsection. The PNGB is parametrized by the matrix 



U 



n = n'^x" 



(20) 



The Goldstone-covariant derivative and the associated gauge field are derived from the 
Cartan-Maurer one-form 12414261 : 



(21) 



U^d.U = t^dpU + ^[U,dpU]--^[U,[U,dpU]] + 0{Il') 



We will consider a general coset space that is not necessarily symmetric, where the generators 
satisfy the following commutation relations: 



(22) 



The coset space used in majority of the composite Higgs models is symmetric, for which 
jabc = Q above, except for the little Higgs model based on simple groups [27]. Then 

it is straightforward to work out 



'Dp = i9^H + ^[H,9^H]x-^[H,[H,9^H]]x 



X" 



1 „ „„ 1 „Q,(jg^{,jj ^ 1 ^ j^cde j:bea , j:cdi fciaN j~jfej~jc^ j-j-d 



-f) A f n (9 TV A 



^jcde jbea _j_ jcdt jb 



(23) 



where [X",X'']x,t is the projection of the commutator in the broken and unbroken gener- 
ators, respectively. We have also dropped terms that are (9(1//^) or higher. The leading 
two-derivative interaction term in the Lagrangian is 



(24) 
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In the above we have chosen to normahze the group generators as Ty(T^T^) = Tt{X^X^) = 
6^^. Notice that the only possible trilinear term f"''^'^d^Il°'Il^d'^Il'^ vanishes identically by 
Bose symmetry. 

For our purpose, we will concentrate on 11 = /i"X", where X",a = 1,2,3,4, are the 
generators corresponding to the Higgs field. Operators with two derivatives and four Higgses 
come from the last term in Eq. 



'j-abcd _ I _faci rbdi , cace rbde \ fOfCi 

~ \Qp 2Ap J ■ ^ ' 

The four scalar fields {h°',a = 1,2,3,4} together transform as a complex doublet under 
the electroweak group SU{2)l x U{1)y, and 7"°'"^'^ is a fourth-order invariant tensor under 
that group. To see what operators arise from Eq. fl25p . it is most convenient to use the 
generators of the full custodial group S'0(4) ~ SU{2)l x SU{2)r, bearing in mind that the 
custodial symmetry is broken by the gauging of the hypercharge Y = T^, where and 
are respectively the generators of SU{2)l and SU{2)r and A = 1,2,3. The Higgs field 
h = {h^, /i^, h^, h'^y transform like a vector as 4 under the SO{A). Thus h'^d^h'^ in Eq. f l25p 
contains the product 

4 X 4 = 6a © (1 © 9)s, (27) 

where S/A refers to the (anti-) symmetry property of the representation under the inter- 
change of the two vectors. Under SU{2)l x SU{2)ji, 6a is the adjoint representation 
(3l, 3i?) and 9^ = (3l, 3r). Since the structure constant is totally anti-symmetric, 

the (ac) and [bd) components in 7""'''^'^ are also anti-symmetric and must live in the adjoint 
of ^0(4). We thus have 

r-'^'' = aL{T^)UT^)M + an{T^)UT^)M + P{TI),,{TI)m (28) 

The coefficient /3, associated with the hypercharge generator Tjj, vanishes for custodially 
invariant cosets. Using the explicit expression in the Appendix for the generators we have 

T'^^-'i = a+ {6''''6''' - 6^''6'') + a.e^bcd - jE^cEm (29) 

Eac = (5"'5"' + 5"^5'') - (a 4^ c) (30) 

and a± = — (aij±a;L)/4. The parity odd term proportional to a_ vanishes by Bose symmetry 
when contracted in Eq. fl2S]) . The other terms contain a contribution to and, upon using 
the operator equivalence in Eq. (fTT]) . give the following combination of Oh, Oy and Ot 



3^^H + 2^(9,-Ao, (31) 



By comparing Eqs. (!26l) . ( I29l) . and (!30|) we deduce that is negative. Indeed Eq. (!26|) im- 
plies 7"^^^^ < while Eqs. (129|) and (!30l) give 7~^i33 _ Thus the nlcrm gives contributions 

cg^) = -6a+ > 0, c^^^ = 2a+ < 0, cj^^ + 24^") = -2a+ > 0. (32) 

Notice that the combination c^'' + 2cl"\ which controls the partial widths r{h — )■ //) and 
T{h — !■ gg), is positive. 
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B. Dispersion Relations 



The sharp result on the positivity of c^^ that we just estabhshed naturally leads us to 
wonder whether it is the general principles of quantum field theory that constrain the sign 
of ch, irrespective of the PNGB nature of the Higgs. The usual way to investigate this 
question is to use dispersion relations in conjunction with reasonable hypotheses for the 
high energy behavior of amplitudes and cross sections. We will do so in this section. The 
result, expressed in Eq. fHSj) . is that ch can in principle become negative, when the total 
cross section among same charge Goldstones 0"++ exceeds the cross section among opposite 
sign Goldstones cr+_ over a significant range of energy. The positivity bound in the previous 
subsection suggests this cannot be the case in an exact nlam. Negative contributions to 
Ch could be possible only at an energy scale where the global symmetry is badly broken 
and the nlam structure is completely lost. In the class of theories described at low-energy 
by our effective Lagrangian, this situation is realized at the scale mp ~ Qpf when the 
symmetry breaking splittings ~ Qsuf are comparable to rup itself, that is for Qp ~ gsM- 
This situation is not realized in either the Georgi-Kaplan type or holographic Higgs models, 
but it can be realized in principle in little Higgs models. In the following section we will 
indeed confirm that negative contributions to ch arise in such theories upon integrating out 
the scalar triplets. This nicely fits with the finding from dispersion relations, because the 
triplet contains a doubly charged scalar $+_|_ which enhances cr++. On the other hand, even 
if such negative contributions exist, we will argue in Section |V] that the overall contributions 
to Ch should still be positive in little Higgs theories. 

In order to proceed with dispersion relations it is instructive to first write down the low- 
energy a + 6 — c + c? scattering amplitude implied by Eq. f l25|l . Taking with all momenta 
incoming, Pa + Pfe + Pc + = 0, we find 

(a, h\ ^h" dpK< d^'h^T"^^^ |c, d) 

= ("^"'"^ + '^''"'') + ^ ('^'''"'' + '^'"'') + ('^"''' + '^"''') ' (33) 

where the Mandelstam variables are 

S = 2pa-Pb = -Pd, t = '2pa ■ Pc = '^Pb -Pd, U = 2pa ■ Pd = 2ph ■ Pc , (34) 



and we have used the antisymmetric properties of T"'^^^'^ encoded in Eq. (1261) . The forward 
amplitude {t = 0) then reads 



Aab^cdit = 0) = ^ (2T"^''^ + T"^'^" + r^""'^ + 2r''^'^' + T""^'^ + T"'"^'') , (35) 



so that one finds 

He OS 

Aab^abit = 0) = 0, Aab-,ba{t = 0) = T'^'"'", Aaa^bb{t = ^) = (36) 



From the previous subsection we have ^i3-s.3i(t = 0) = — ^ii^33(t = 0) = Achs/ p, so that 
the first derivative of these two amplitudes at s = (in particular the sign) is directly related 
to Ch- Unfortunately these amplitudes are not fully elastic, because of the change of flavor 
quantum numbers between initial and final states. The elastic amplitude Aab^ab{t = 0) 
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vanishes exactly and thus carries no information on c^. A non- vanishing forward amphtude 
can however be obtained by considering the scattering of combination of definite electrical 
charge. For these amplitudes it is not possible to disentangle the contribution of ch and ct, 
and we will therefore focus on the phenomenologically relevant case of ct = 0. Using the 
notation tt^ = {hi ± ih2)/\/2, = 7r°, and = h we have 

- A (tT^O ^ TT + TT-) = -A (tT + TT- ^ 71%"^) = A (tT^VT^ ^ VT^VT^) = (37) 

A (vr±vr° -> vr^vrO) = ^, A (tt+tt- ^ n^n') = (38) 

and the same amplitudes upon exchanging 7r° with h. The elastic amplitudes, 
A (7r+7r+ — i- 7r+7r+) and A (tt+tt^ — t- tt+tt^), are related by crossing symmetry s ^ u and do 
not vanish at t = 0. Using them we can thus derive a potentially useful dispersion relation. 
Defining A++{s) = ^(7r+7r+ 7r+7r+) (s,t = 0) and A+-{s) = ^ (vr+vr- Tr+Tr") (s,t = 
0), we will assume 

lim ^ ^ = constant = Coo ■ (39) 

This assumption allows us to include the case where charge neutral massive vector fields are 
exchanged in the t-channel. In that case by direct computation one finds c^o > 0. We can 
thus derive a subtracted dispersion relation 

1 f A+-iz) - Cooz , 1 f f° p\ Disc(^+_(x)) 



1 p /Disc(^+„(x)) Disc(^+_(4m2 -x)) 



2vri ^4^2 ^ (x - s)2 (x - 4m2 + s)^ J ^^^^ 

where we have assumed tt^ has a small mass m^, which will be sent to zero later. In the last 
equality, in order to reduce to a single integral, we have performed the change of variable 
X — 4m^ — X. By crossing symmetry we have 

A+4Am^ -s)= A+4u) = A++is), (41) 

and therefore 

Disc(^+_(4m^ - s)) = A+^{Am^ - s + it) - A+-{Am'^ - s - ie) 

= A++{s - ie) - A++{s + ie) = -Disc(^++(s)). (42) 

Applying the optical theorem we thus have 

Disc(^+_)(s)|^^g = 2ilm(^+_)(s) = 2i^/J(J^^^^ a+^, (43) 
Disc(^+_)(s)|^^Q = -2zlmiA++){-s) = -2z^s{s-4m^) (44) 

where aij refers to the total cross section for the process ij — > everything. Notice the sign 
flip in the crossed channel +H — > ++. Thus by considering Eqs. (138|1 and (HOl) at s = and 
taking the small mass m = we can write 

P f°° dx 
Ch = Coo-\ / {<y+-ix) - (T++(x)) — (45) 
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While this result shows that ch is not positive in the most general case, it is still quite 
useful, as it constrains the sources of negative contributions. These must either come from 
the far UV, via Coo, or via a sizeable cross section in the ++ channel. We have already 
mentioned that when vector boson exchange dominates the UV, one has Cqo > 0. In that 
situation, negative contributions can only be due to cr++. At tree level such a contribution 
can only come by integrating out an object with charge +2. Since there exists no coupling 
of a vector with two equally charged objects, we conclude that only by integrating out a 
scalar multiplet containing a charge +2 state can one get a negative contribution to ch at 
tree level. This is what we wilU prove explicitly in the next section. 



C. Contributions From Heavy Scalars 

In this subsection we consider effects on ch and ct, as well as the associated contribution 
to Cy, from integrating out heavy scalars at tree level. The treatment here on does not make 
use of the composite nature of the Higgs, except when we discuss the specific contribution 
from little Higgs theories toward the end of this subsection. 

Since we are interested in dimension-six operators with two-derivative and four-Higgs 
that are induced from integrating out a heavy scalar at the tree evel, we only need to 
consider cubic interactions involving two Higgses and one heavy scalar. At leading order 
these trilinears are associated with the scalar potential, since the nlcxm structure implies no 
trilinears involving two derivatives, as commented below Eq. in Section IIII A[ 

Cubic interactions involving two Higgses can be classified according to the transformation 
properties under SU{2)l x f/(l)y. It will be convenient to again use the 50(4) notation 
introduced in Section IIII A[ In this case the symmetric product hh^ can be decomposed 
either in one real singlet 0s, one real triplet 0^, or one complex triplet 0°: 

<f>^, ~ TlTl h = H^^H, (46) 



where e = ia"^. For custodially invariant theory 0° and 0" combine into a (3l, Sji): (p^^ ~ 
I^T T^T^ h. The invariance under the electroweak group dictates the heavy scalar field 
coupling to the Higgs through the above cubic interactions can only be a real singlet a 
real triplet or a complex triplet The total contribution to the effective coupling ch 
and Ct will be a sum from the three sectors without any interference. 

Consider first the case of a real triplet The relevant part of the Lagrangian involving 
the triplet and the Higgs scalars is 

Cs = -^$^n$^ - ^m2$^$« + /3J $^«(/I^ r^T| /!) + ■■■. (47) 

By integrating out <l>° we find 



^eff = ^{h^ Tin h)^^^ih^ TlTl h) 



2ml 



□ 

— + 

mi 



{h' TtTi h), (48) 
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where the first term in the expansion gives rise to the celebrated quart ic couphng for the 
Higgs in little Higgs models, while the second, upon use of operator identity in Eq. ( ITTj) to 
remove Or, can be written as 



C2 



PrJ I OH-Oy--OT]. (49) 



4m4 V "2 

Very much as we have treated the case of a neutral triplet we can treat the case of a complex 
triplet and a real singlet similarly. 

For the complex triplet we start from 

Cs = -^rn-^-c - ^c*r*c + f^cf $r(^^ Tl{T}^ - iTl) h) + h.c. , (50) 
and by integrating out <l>^ we find, in addition to a contribution to the Higgs quartic coupling, 

PIP 

For the scalar singlet, the Lagrangian is 



(Oh - 20y + Ot) . (51) 



A = -^$.n$. - ^m2$,$, + pj . h), (52) 
which at low energy contributes to the following dimension six operator 

+ l^f (53) 

Notice that in the case of a singlet, we could in principle have also added a tadpole term. In 
little Higgs models, as recently emphasized in Ref . 28| , if this tadpole has the size expected 
by symmetry considerations, then the very mechanism of suppression of the Higgs mass fails. 
We thus consider the case of a singlet just for completeness. 

From the above we find that ch is always positive for a singlet scalar and negative for 
a triplet scalar, while for Cy is positive for triplets and vanishing for singlets. Summing all 
scalar contributions in Eqs. fl^ . f lFT]) . and (ESD we find 

»__^_^ + ^^ (54) 



32 £4 q2 £4 



' Amf 2m4' ' 

In a custodially invariant theory the neutral and complex triplets will combine together into 
a (3i,3/j) representation of SU{2)l x SU{2)r and the parameters will satisfy the relation: 
2/3^ = (Bl and = m^. In this case we see exphcitly that c^^ = 0. As for the combination 
Ch + 2cy which enters into the on-shell coupling of the Higgs with the fermion, the scalar 
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contribution is again always positive for the complex triplet and the singlet scalars, while it 
vanishes for the real triplet scalar. Notice that the negative ch contribution for triplets is 
in accordance with the finding using dispersion relations in Section IIII B[ 

The above result seemingly disrupts the positivity of ch, which was deduced in Section 
IIII Al for a general nlam, while ch + 2cy is still positive. However it turns out that in 
all little Higgs models the sum of all contributions to ch still remains positive, in spite 
of the negative contribution from triplet scalars. We will discuss the combination of all 
contributions in Section |Vl For the moment it is worth pointing out the general form of the 
coefficient in Eq. fl5^ in typical little Higgs models. For instance, let's consider the littlest 



Higgs model 0] as an illustration. The potential for the triplet scalar 



IS 



+ 



2 e2 



(58) 



where the notation is such that H = {Hi, H2)^. Since H^ea^H 
that 012 = 021 = $c/\/2. Therefore 



[H1H2 + H2H1), we see 



{9l + 9l)f\ 



(3^ = V2{gl-gl), 



R 



9iy 



i9l 



9ir 



(59) 



The crucial observation here is that (y^ is maximally negative in the limit in which one 
coupling, say g^, is much bigger than the other. Away from this limit, c>^ is monotonically 
increasing until it reaches zero at gi^ = g^. The special form of the scalar potential in 
Eq. ( 158|) is dictated by the collective breaking mechanism and thus generic in little Higgs 
theories. Hence the preceding observation holds for all little Higgs models. In Section |V] 

is) 

we will make use of this observation to argue that the negative c\j in little Higgs theories 
cannot overcome other positive contributions so that in the end the overall ch stays positive. 



It is also worth observing that in the T-parity limit, gu = gi, 



as expected since a 



cubic coupling between one triplet (T-odd) and two Higgs doublets (T-even) are forbidden. 



D. Integrating Out Heavy Vectors 

In this subsection we present a general proof on the positivity of ch from integrating out 
heavy vectors at tree level, which applies to both cases of a fundamental and a composite 
Higgs scalars. In fact, we prove a stronger result, that ch contains no effects of the order 
9sm/9p when integrating out heavy vectors. This statement is another element in our 
argument in Section |V] for the positivity of ch in little Higgs theories, despite the negative 
contribution from the triplet scalar. It is also possible to calculate effects of integrating out 
heavy vectors within a nlcrm explicitly, which is presented in Appendix B. 

Similar to the case of heavy scalars, the quantum number of the heavy vector is deter- 
mined by classifying the low-energy operators, in this case the vector current, made out 
of the light fields. For the Higgs current, hermiticity requires such vector bilinears to be 
anti-symmetric in exchange of the two Higgs fields involved, which then must live in the 
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adjoint 6a = (3^, 1r) © 3r) of 50(4): 



(3^,1^) : rH^^^^^h''TlD,h = ^H^^'D,H (60) 

(1l, 3r) D Jfj^^ = zh^ TlD, h = iH^ D, H (61) 
(1l,3h) D J],^^ = irF{T},-iTl)D,h = iH^eD,H, (62) 



•f4 



where h^T^Df^ h = Tl{D^h) — (D^h)'^ h, and similarly for the Z)^ operator in other 
bilinears. Furthermore, D^h is the gauge-covariant derivative with respect to the electroweak 
SU{2)l X U{1)y- The current J^r^: which is not written out explicitly above, can be 
obtained by taking the complex-conjugate of J^r^- Vector currents with the same quantum 
numbers as J^l^ and Jhr^j, can also be constructed from light vectors and light fermions, 
respectively. 



{ZlAr) : rp^^iD^W^.r and j;^^^^^^-^^, (63) 
{Il^Zr) ^ Jl^^D^B,^ and jJ^^^^^F^, (64) 

where by J^^ and J^^ we indicate collectively the quark plus lepton contributions to the 

weak isospin and hypercharge currents respectively. Notice that since T^' is not gauged we 
cannot write a current with the same quantum numbers of J^r^ by just using the SM vector 
fields. On the other hand, using fermions it is possible to construct additional currents, for 
instance a right-handed charged current or baryon/lepton currents. However in this work 
we would like to stay with the so-called universal models, where the SM fermions interact 
only via the SU{2)l x U{1)y currents, and do not consider these possibilities. 

In Section [IT] we discussed the possibility of choosing a specific definition of low-energy 
gauge fields, Eqs. ffn|) and ffT^ . so that the light fermions appear only via operators asso- 
ciated with the Yukawa coupling, and not via operators that renormalize the vertices with 
the SM W and Z bosons. This is equivalent to using the SM equations of motion 

{D^W.,r + qJhl, + = (65) 
D-'B,, + g'Jl^^ + g'Jl = (66) 

to express the fermionic current in terms operators involving only the Higgs and vector fields. 
Under the above assumptions, the most general Lagrangian describing the interactions of 
heavy vectors with the SM fields, at lowest order in a large mass expansion, is written as 



2 

m, 



2 ^ 



lH9pJ'hL, + lv-{D''W,,) 
9p 



+mlV+^V^ + ^ [V+^Jhr, + h-c.) . (67) 

Notice that according to the SILH hypothesis we expect the coefficients 7^:/, 7v', 5h, to 
be all of order unity. Also given our choice of normalization, custodial symmetry in the 
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sector containing the Higgs and heavy vectors corresponds to mg = and 5// = 1. Upon 
integrating out the heavy vectors we find 

2 



~7r-^JHRiiJHR- (68) 



The presence of perfect squares in the above equations fixes unambiguously the sign of the 
contribution to the coefficients of several operators. In addition, if we go to the non-canonical 
basis where the gauge coupling is removed from the covariant derivative by rescaling the 
gauge field gA^^ — )■ A^, then it is clear that the coefficient of two-derivative operators such 
as J'^°'J^ can not depend on the gauge couplings; only operators with more derivatives can 
have coefficients dependent on the gauge couplings. More explicitly, two-derivative operators 
only come from interactions in the Lagrangian containing one or no derivative: 

VabA^^A^ + A^'^j;: , (69) 

which do not involve gauge couplings in the non-canonical basis. Thus neither coefficient of 
Oh and Or can depend on the gauge coupling. 

Using the explicit form of the Higgs currents and the operator identity in Eq. ( ITT]) we 
get, from Eq. fl68|) . 



4mr m?\ 



CH = ^^^ + ^>0, (70) 



= -^^-^<0, (71) 
_ 9pOHJ 9pJ . s 

Ct — 2 2~' v'^J 

„2 2 f2 2f2 

CH + 2cy = + V^>o. (73) 

Arguments in the preceding paragraph demonstrate that the above coefficients are all inde- 
pendent of gauge couplings. We also have positive contributions to C2w and C2b 6y, 
where O2W = {D^^up)"^ similarly for C2B, as was already noticed in Ref. j2l[ and proven 
from prime principles in Ref. jloj. On the other hand cross terms are simply Ow and Ob 
in Eq. ([2]), which renormalize cw oc "^hIv and cs oc 5w5y and do not have a definite sign in 
general. Since cvy + c^ is related to the S parameter jl3|, we see a positivity constraint of S is 
on less solid grounds. However, under specific assumptions about the structure of the heavy 



vector Lagrangian, for instance the minimal coupling hypothesis of Ref. [13|, positivity of 
Cw and cb holds as well. 



IV. THEORETICAL CONSTRAINTS ON Og, Oy, AND 

In this section we discuss constraints on Og and O^ from naturalness principle. Along 
the way we make a remark on the sign of Oy which applies to all composite Higgs models 
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FIG. 1: Standard model top quark contribution to the gluon fusion production. 

we investigated. The statements on Cg and are valid even for a fundamental Higgs scalar. 

The naturalness principle has been a prominent guiding principle for physics beyond the 
SM in the past few decades. The largest contributions to the Higgs quadratic divergences 
in the SM come from the Higgs self-interactions, the gauge bosons, and the top quark: 

8ml{h) -A^A2^(50GeV)^ 

Smlig) ^ -|^A^~(70GeV)^ 

6ml{t) ^ -|-4A2^-(200 GeV)^ 

where the numbers are obtained for A ~ 1 TeV. These numbers suggest that, in order to 
stabilize the Higgs mass at a few hundreds GeV, new particles at or below TeV scale should be 
present to cancel these quadratic divergences. In supersymmetric theories the new particles 
responsible for the cancellations have opposite spin-statistics to their SM partners, while 
new particles in composite Higgs models have the same spin-statistics to the SM partners. 
In this section we focus on the case when new particles have the same spin-statistics as their 
SM partners, and briefly comment on supersymmetric theories in the end. 

From the observation that top quarks have the largest contribution to the quadratic 
divergence, it is generally believed that partners of the SM top quark should not be heavier 
than 1 TeV, while partners of the SM Higgs and gauge bosons could be as heavy as a few 
TeV without re- introducing fine-tunings in the Higgs mass. Furthermore, it is plausible that 
partners of top quarks would also carry SU{3)c and hence be copiously produced at the 
LHC. In other words, if naturalness principle is upheld in the electroweak sector of the SM, 
there may very well be new colored states as light as several hundreds GeV, which would 
have a great chance of being observed directly and/or indirectly at the LHC. Conversely, 
if such new colored particles are observed, it will be of great importance to verify if they 
indeed participate in the cancellation of Higgs quadratic divergences. 

In the SM it is well known that the t op quark is the dominant contribution to the gluon 
fusion production of the Higgs boson [30|, which is a loop induced process as shown in 
Fig. [U When the Higgs is light, m\/{Am1) < 1, the loop diagram can be approximated 
by a dimension-five operator (1/f) hG^'^G"'^'^ whose coefficient is related to the QCD beta 
function through the low-energy theorems [sil, S^]. Formally the effective theory has an ex- 



pansion parameter in my{Amj), however, actual computations of QCD corrections suggest 
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the approximation using an effective operator remains extremely good for a Higgs mass up 



to 1 TeV j33| . When there are new colored fermions with a significant coupling to the Higgs 
boson^, the operator Og will be induced at energies below the fermion mass scale, which 
gives a new contribution to (1/f) hC^^G""^^ after electroweak symmetry breaking. In this 
section we will demonstrate a correlation between the cancellation (or the lack thereof) of 
the Higgs quadratic divergences in the top sector and the sign of Cg induced by the new 
heavy fermion. It will also become clear that a similar analysis could be extended to 
induced by a new set of heavy electroweak gauge bosons. 



A. Higgs Low-Energy Theorems 

We will now flesh out the low-energy theorem which relates the Higgs-gluon vertex to the 
gluon two-point function arising from loops of heavy states. Throughout this subsection we 
work in unitary gauge with the Higgs doublet H = (0, h/ \/2)'^ . Upon electroweak symmetry 
breaking we will make the substitution h ^ h + v with v ~ 246 GeV. So the top Yukawa is 

Ct = -^htRh, -^^t'" = ^t- (74) 

Consider then a heavy colored multiplet whose mass M depends on the Higgs expectation 
value M = M{h). In the limit mh <^ M we can integrate out the heavy state and describe 
the coupling of h to gluons via an effective Lagrangian in a 1/M expansion. By gauge 
invariance, the leading interaction in the derivative expansion has the form f {h)G'^^^G°' ^'^ . 
The function / is fixed, up to an uninteresting scheme dependent additive constant, by 
matching the coupling constant in the low energy and high energy theory js^] 

1 1 „„ „ 1/1 , , M{h)\ 



where is the Dynkin index of the multiplet, which is 1/2 for the fundamental representa- 
tion, and h equals 2/3 or 1/6 respectively for a Dirac fermion and a complex scalar. Indeed 
one quick way of deriving Eq. fl75|) is to require l/s'e// ^'^ satisfy the renormahzation group 
equation of the low-energy theory. In the presence of several multiplets, by diagonalizing 
the mass matrix, the one-loop effective Lagrangian is simply 



167r2 



(^5Ztr,logm,,(/i) + ^5^t,,logm,,(/i)j (76) 



where the two sums are over fermions and scalars, respectively. Notice that the contribution 
of particles with a given spin and color representation is determined by the determinant of 
the corresponding mass matrix. Two different possibilities can be envisaged for the behavior 
of the mass eigenvalues on h. The first corresponds to multiplets, like the top quark, that 
are chiral with respect to SU{2)l x U{1)y in which case M{h) oc h. The corresponding 
SU{2)l invariant operator has the form Oig = \og{H'^ H)G'^^^G'^ ^'^ ^ whose singularity at 



^ The new fermion could be vector-like and receive most of its mass through a Dirac mass term, while still 
couple to the SM Higgs through Yukawa couplings. 
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H = indicates the presence of a massless state. The second case corresponds to vector-hke 
multiplets whose mass does not vanish in the /i — )■ hmit. The corresponding effective 
operator should not be singular at WH — )■ 0: at lowest order this corresponds to the Og 
operator in Eq. ([2]). The on-shell coupling contributing to h ^ gg is obtained by making 
the substitution, h ^ v + h, in Eq. fl76p and keeping the term linear in h 

r - 9s ^fo\^+ dlogmrpiv) 1^ d\ogmrsiv) \ ^g^^ , . 

^'^^"w^r^^'^- d\ogv +2^^^'- diogv r"' ' ^ ' 

\ rp ° rs / 

where we have assumed the scalar Higgs h has a canonical kinetic term. In the presence 



of Oh, a rescaling h h/ yl + chv"^/ is required to bring the Higgs kinetic term back 
to canonical normalization. Notice that, by SU{2)l invariance, the total contribution of 
the heavy multiplets should start at O(f^), corresponding to the Og operator.^ The exact 
one- loop computation parametrized by the function Ig^m^/rnf) reduces to the first term 
inside bracket in the rrih/mt — ?■ oo limit. 

We have seen from Eq. f l77|) that the corrections to the Higgs coupling to gluons are 
determined by the h dependence of the determinant of the mass matrix Ai{h) for each 
particle species 



^'-m^ i^Uh)Mrpih)) + \j2irsg^^Og {Mlih)Mrsih)) . (78) 

rp ^ rs 



On the other hand, the one-loop quadratic divergence in the Higgs mass can be computed 
using the Coleman- Weinberg potential jssi and is proportional to 

^ A^StTM\h)M{h), (79) 



167r2 



where we have used the supertrace notation to incorporate both the bosonic and fermionic 
states. If the coefficient of the h"^ term in Eq. fl79|) is non- vanishing, the Higgs quadratic 
divergence is not canceled at the one-loop order. We will demonstrate that cancellations of 
the quadratic divergence in Eq. fl79|l . or the absence thereof, allows us to make statements 
on the sign of Cg induced by integrating out the new heavy states.'' 

B. The General Fermion Mass Matrix 

We will assume the top quadratic divergence is canceled by a new pair of vector-like 
colored quark which we call the top partner. As discussed in the previous subsection, the 



^ This result can be directly established by considering the loops with propagating heavy particles and 
noticing that only the insertion of an even number of external H legs is allowed by SU (2)^ invariance. 
Equivalently this follows from Eq. (ffS]) by noticing that the determinant of the heavy field mass matrix 
is an SU{2)l invariant polynomial of H. 

^ If the new heavy state is also chiral under SU{2)]^ x U{1)y, the operator induced is Oig. In this case the 
quadratic divergence in the top sector is always enhanced and so is the on-shell coupling of the Higgs to 
gluons. The interplay between Og and Oig in the di-Higgs production was studied in Ref. 
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operator Og induced by integrating out the top and top partner is determined by the two- 
by-two fermion mass matrix. We use the notation {u3,u^) for the fermion having the same 
quantum number as the SM top quark, and {U3, f/|) for the heavy top partner. Obviously 
U3 must be embedded in a SU{2)l doublet q = (u^jd^), while is a SU{2)i singlet. On 
the other hand, {U^, U^) can be both SU{2)l singlets, like in the SU{b)/SO{h) littlest Higgs 
0, or embedded in two different SU(2)l doublets, such as in the ^0(9)/^0(5) x SO{A) 
littlest Higgs [TJ. 

We will first consider a general fermion mass matrix in the basis (M3, f/a), before dis- 
cussing some prototypes appearing in the literature. After turning on the Higgs field /i as a 
background field, the most general mass matrix is 

Ms \ _ / c TTc^ ( Mn{h) Muih) \ f U3 



ut. ui)M - = K, m) - , (so) 



Mu = (1 - ) + O(h^), M22 = A,/ + 0(/i'-'), (81) 



where 

as dictated by the SU(2)l symmetry. The form of the off-diagonal entries depends on 
whether {U^^U^) belongs to SU{2)l doublets or singlets. In the former case a non-zero 
A4.21 starts at zeroth order in h and M.12 at linear order in h, while the latter case can be 
described by in the first case. 

The mass eigenvalues are obtained by diagonalizing the mass matrix in Eq. (IHOl) through 
the singular value decomposition 

M{h)^l^ "^f^ ) = U{hyM{h)V{h), (82) 

where U{h) and V{h) are complex rotations in the (M3, U^) and (^3, U3) sectors, respectively. 
The /i-dependent rotation generates non-oblique operators, JmlhJ'^^ ^'^d Jfjifi^^'^y from the 
gauge-kinetic term of the fermions. However, these dimension-six operators involve only the 
third generation SM fermion and current experimental bounds are very weak (37| . 
The mass eigenvalues can be expanded in terms of the background field h: 

Mh) = (1 - 4^^) + ^(^')' ^T{h) = Xrf (1 - + 0{h% (83) 

The light mass eigenstate, which is taken to be the SM top quark, must become massless in 
the limit /i — )■ 0, when the determinant of M. also vanishes. The coefficient of in mt{h) is 
a new contribution to the operator Oy that is non-universal and specific to the non-linearity 
in the top Yukawa coupling, unlike those universal contributions to Oy discussed previously 
in Section UTTl which are associated with the non-linearity in the Goldstone kinetic term. On 
the other hand, the h"^ term in the heavy mass eigenvalue mT{h) represents the heavy top 
partner's contribution to Cg, as we shall see. The cancellation of Higgs quadratic divergences 
requires the absence of 0{h?) term in Tr(A^^A^): 

mt{h:f + mrilif = constant + C(/i^), (84) 

which fixes the coefficient of h"^ term in the heavy mass eigenvalue mT{h) in Eq. (!83|) . 
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Given the mass eigenvalues, we can compute the contribution to Og when integrating out 
the SM top quark and the top partner using Eq. (1771) : 
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(85) 



where the first two terms on the right hand side are the contributions from the light mass 
eigenstate, taken to be the SM top, and the last term from the heavy top partner. The 
presence of Cy ^ is due to the non-linearity in the top Yukawa sector, while the third term, 
after comparing with the SILH Lagrangian in Eq. ([2]), is the contribution to Cg from the 
heavy top partner: 

1 



(86) 



provided we identify Qp with At- Notice that the minus sign is a direct consequence of 
requiring the Higgs quadratic divergences be canceled in the top sector, while the number 
1/6 is essentially fixed by the QCD beta function. Since Cg is always negative, the interference 
is destructive with the SM top in the gluon fusion production of the Higgs. If to the contrary 
the Higgs quadratic divergence is enhanced by the top partner, then there would be a positive 
sign in Eq. ( 186|1 and the interference would be constructive. 

In deriving the on-shell coupling of the Higgs with the gluons in Eq. ( 185|) , we have ignored 
two other effects discussed in Section llllt the operator Oh, giving rise to non-canonical 
normalization of the Higgs kinetic term, and the universal contributions to Oy, adding to 
Cy'' in Eq. fl83l) . Taking them into account we get 
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Eq. f l88|) is consistent with Eq. f fTSj) once we use the asymptotic value of the form factor 



Ig -2/3 for mf > ml 



C. Prototypes of Fermion Mass Matrices 

Here we discuss some prototypical fermion mass matrices appearing in the literature of 
composite Higgs models, using the same notation as in the original literature.^ Here we do 
not include the effects of ch and Cy discussed in Section IIIII 

• The SU{5)/SO{5) littlest Higgs model Q: 

f{u1,f) ( -^^^isin [V^h/f] Ai (cos {V2hlf) + l) \ / t \ ^^^^ 



® We only consider models with one Higgs doublet. In addition, our normalization of generators is such 
that TviX^X^) = S'^K 
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The SO{9)/SO{5) x ^0(4) littlest Higgs with custodial symmetry [I^: 



where 



' -icos^(/i/V2/)Xii + X22 



1 + cos^ {h/y/2f) 
1 



^ cos2(/i/V2/)x^i + X22) ■ (91) 
'1 + cos^ (Vy2/) 

The T-parity invariant 5'f/(5)/S'0(5) model with a T-odd top partner 38| : 

f r^f'^ -'^^ (v^/^//) A (cos (v^V/) + 1) \(t\ .q.^ 

•^^^'^'^"^ V-^\/2Asin(v^V/) -A (cos (v^V/) + 1) 7 Vv' 

where t = (ti + ^2) / is the T-even SM top quark and t = (f/„ - f/f,) is the T-odd 
top partner. Furthermore, under T-parity we have ^ U^. 

Given these assignments of T-parity, in the mass matrix the second row is simply the 
image of the first row under T-parity. It is also worth commenting that the above mass 
matrix could be diagonalized by going to the T-eigenbasis for the ([/^, U^) fermions, 
which requires no /i-dependent rotation. Hence there is no generation of additional 
non-oblique operators commented below Eq. (1821) . 



(93) 



The toy SU{'i)/SU{2) model |39l: 



fiuR Ur) ( (v^^//) Ai cos {V2h/f) \ 



The T-parity invariant SU{3) / SU{2) model with a T-odd partner [38 



ffTT'^ TT^\ ( Aisin (^2/1//) X cos {V2h/f) \ f 
^^^^'^''\Xtsm{V2h/f) -Acos(v^V/) 7 



(94) 



where, similar to Eq. f l92|) . M3 is the T-even SM top quark, T is the T-odd top partner, 
and -H- under T-parity. 



D. A Remark on Cy 

Given the prototypical mass matrices in the previous subsection, one can compute Cy 
defined in Eq. (15^ by computing the mass eigenvalues for the SM top quark. In all cases 
we find 

> 0. (95) 

Loosely speaking, this has to do with the fact that in a nlam the PNGB plays the role 
of an angular variable in exp{ihXh), resulting in the oscillatory dependence of the Yukawa 
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coupling on the background Higgs field, as well as the particular implementation of Yukawa 
couplings. However, we do not find a group-theoretic proof for Eq. (!95|) and will merely take 
it as an empirical observation. In addition, we observe the same oscillatory dependence of 
the Yukawa couphn g on the Higgs field even in little Higgs models with two Higgs doublets. 



such as in Refs. [16|, |42|-|44| , and extra-dimensional models j45[ . The same pattern arises in 



the holographich composite Higgs, to which we devote the next subsection. 



E. Holographic Composite Higgs 

In holographic composite Higgs models jo], |4o| one cannot reduce the analysis to a 2 x 2 
mass matrix in the charge 2/3 quark sector like it was done in section IIVCI Not only 
does the whole KK tower of charge 2/3 fermions contribute to the generation of the Higgs 
potential (and thus to the finiteness of its mass), but also the resonances in other charge 
channels are relevant. In particular in all models, at least, the charge (—1/3) resonances 
must be included. The expressions for the fermion masses that are given in the literature 
correspond already to the light eigenvalue, or, equivalently, they describe the low energy 
Yukawa after having integrated out the KK modes. The results for Cy was already discussed 
in Ref. [l3[. In the model where matter sits in the 4 and 5 of 5*0(5) one has respectively 
TTif (X sinh/f and cx sin2/i// for fermion masses, including the top quark. Again this 

corresponds to a positive direct contribution Cy^ in both models. On the other hand when 
adding ci^\ which we already saw (see section [HI Ap is negative, one finds Cy = and Cy = 1, 
in respectively the model with 4 and 5 representations 13(|. Therefore Cy is never negative. 



F. Comments on Cg 

We have so far established the sign of Cg induced by the heavy top partner to be negative, 
if the top quadratic divergence is canceled, which is the case for all the little Higgs models. 
However, there are models with top partners in which the top quadratic divergence is not 
canceled, such as the universal extra-dimensional models (UEDs) [lo|. In UEDs each SM 
chiral fermion gets a KK tower of Dirac fermion which includes both left- and right-handed 
modes. In this case the partners Qn of the left-handed top are electroweak doublets whereas 
the right-handed partners T„ are singlets. The KK masses are 

1 1 

mt = ^i>^thf, mj„=m|^ = — + -(M)2, n = 1,2,3,- ■■ , (96) 

where R is the scale of compactification and could be 600 GeV or lower [46|- Comparing to 
Eq. fl85l) it is thus evident that the KK modes enhance the Higgs quadratic divergence in 
the top sector and interfere positively with the top quark contribution. 

Since Oy and Oh also contribute to the on-shell amplitude of the Higgs with the gluons, 
it is worth emphasizing that only under circumstances where effects of Oy and Oh are small 
can we directly infer the magnitude of the cross-section from the sign in front of Og. In 
the UEDs model considered in Ref. [13], the five- dimensional Yukawa coupling is identical 
to the four-dimensional Yukawa coupling and hence Cy-' = 0. On the other hand, because 
of KK parity the coupling of the first KK gauge boson (as well as all the odd KK-mode) 
with the SM Higgs is forbidden at the tree level, while the effect from the second KK mode 
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is suppressed by the approximate KK-number conservation. Thus there is no Oh and Oy 
induced from integrating out the KK gauge bosons at leading order. Furthermore, no triplet 
or singlet scalars are present in the model. In the end we expect T{gg — )■ h) to be dominated 
by the effect from Og and be enhanced relative to the SM rate, which is consistent with 



the explicit computation in Ref. j47[. Our analysis indicates that this increase is a direct 
consequence of the absence of cancellation mechanisms in the Higgs quadratic divergences. 
The same arguments would apply to the case of warped KK-parity j49| as well. 

While the sign correlation in the corrections to and Cg that we just pointed out works 
in the simplest models of interest, it does not work in the most general situation with more 
than one heavy partner of the top. Consider indeed generalizing the 2x2 mass matrix to 
the 3x3 case 

/(At/i)V2 \ 

M^M=\ Ai^/2[l + c2(V/)f . (97) 

V xi^p[i+c,{h/frf J 

The cancellation of the quadratic divergence reads 

4 {XItC2 + XItCs) +Xt=0, (98) 

while 



Tihg M^M = log/i^ + (c2 + cs) ^ + C(/i^) . (99) 



P 

It is clear that, without violating Eq. ( p8|) . one can choose C2 + C3 > which corresponds to 
an overall constructive interference with the SM top contribution to /i — )■ gg. Nonetheless 
the parameter choice to realize that seems a bit contrived and we are also not aware of 
interesting models that realize it. Indeed in the holographic composite models, where a 
whole tower of KK models controls the Higg s potential, this contrived choice does not arise 
and the coefficient Cg turns out negative [48|. It should however be noticed, as we discuss in 



the next section, that in the preferred region of parameters of those models the effects of Cg 
are subleading to those of cu and Cy [l^. 



G. Naturalness Constraints on 

It is clear from the discussion in Section flV Al that the SM top also makes a contribution 
to the effective Higgs-photon coupling {hlv){F^^'^ given by its contribution to the one-loop 
beta function of QED. However, recall that all electrically charged particles with a significant 
coupling to the Higgs will also induce the effective Higgs-photon coupling, in particular the 
SM gauge boson |50|: 

A„ = -i - 7 X J:, log + 1 X 1 log !^^) F„„F-. (100) 

where we have included both the W boson and the top quark contributions, whose coefficients 
are —7 and +4/3 respectively. Observe that the W boson contribution is dominant and 
several times larger than the top contribution. In addition, the signs are opposite in the two 
contributions. 
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If we consider only contributions from a new set of heavy electroweak gauge bosons and 
neglect the fermions, then it is possible to make a connection between the sign of and 
the cancellation of Higgs quadratic divergence in the electroweak sector, using arguments 
completely parallel to that in the case of Og. In the end, similar to the case of Higgs-gluon 
coupling, naturalness consideration requires the heavy and light gauge bosons to interfere 
destructively in the partial decay width h — )■ 77, if there is cancellation of Higgs quadratic 
divergences. However, the effect is suppressed by m^/m^, and smaller than the SM one- 
loop effect, given the electroweak constraint on a heavy W\ unless there is a symmetry such 
as the T-parity. 



H. Super symmetry 

At last we briefly consider the constraint on Oq in supersymm etry, w here the top partners 



are spin-zero particles. It has been discussed in the literature [51rl53[ that the top squark 
contribution to the gluon fusion production of the lightest CP-even Higgs interferes con- 
structively with the SM top contribution, when the off-diagonal mixing term is small in the 
top squark mass matrix, and destructively when the mixing is large. Here we will discuss 
the connection of this pattern with the cancellation of top quadratic divergence by the top 
squark. 

Using the notation (tj^,?/,) and in the electroweak eigenbasis., the stop contribu- 

tion to the one-loop beta function of QCD is 




mlh) 1 1 , M\M{ 

^ FT — - 

\i 12 Stt^ 



^e// = -7 I 7^ - o X F:^ log ^ - TTT X ^ log (101) 



where J^^M.i is the mass matrix-squared of the top squarks. Then the interference effect 

of the scalars can be determined by looking at the h dependence of det Ai^^Ai^, similar to 
the case with a fermionic top partner. On the other hand, the cancellation of quadratic 
divergences is dictated by the supertrace Str Ai'^M. 

When there is no mixing in the top squark sector, both ti and tji contribute equally to 
the cancellation of top quadratic divergence, resulting in the mass matrix: 



ml + {Xthy/2 

where mj^ are the soft-breaking masses. Notice that, because of the spin-statistics, there 
is a crucial difference in signs when comparing with Eq. (183|) . The induced Og is given by 



d mt{h) 



log 



d log h /i 



1 d , detM\Mi 

H log 

8 d\ogh /i2 



^^^4 \2ml + m2/2 ^ 2m| + m2/2 ) ' 

where we see that, opposite to the case of a fermionic top partner, the interference is con- 
structive when there is cancellation in the Higgs quadratic divergence. This difference in 
signs traces its origin to the fact that fermions and scalars contribute with opposite sign in 
the cancellation of Higgs divergences, StiAi^J^. 
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Notice that when the mixing in the top squark sector is introduced, the top squark mass 
determinant in Eq. (11031) is reduced by the off-diagonal mixing term. If the mixing term is 
large enough, the interference between the SM top quark and the top squarks could become 
destructive. Such a behavior in the minimally supersymmetric standard model has been 



observed in Refs. |5lH53|. Another example where the off-diagonal mixing term in the top 



squark mass matrix turns the interference effect from being constructive to destructive is the 



five-dimensional supersymmetric model of Ref . [45[ , as was studied in Ref . [541 • general 
the fact that there is no strict sign correlation for Cg in supersymmetry simply follows from 
the presence of at least two new mass eigenvalues in addition to the top quark (see discussion 
at the end of subsection IIVFI) . 



V. DISCUSSIONS AND SUMMARY 

In the section we will present a synthesis of the results scattered through the paper and 
summarize. 

A. Size of Effects 

One first issue we must clarify concerns the expected size and nature of the effects. This 
is useful in order to compare them to similar effects arising at higher-loop order in the SM. 
We first consider composite Higgs models for which the SILH power counting in Section 
Hn applies. There are two classes of effects: the first class, corresponding to ch and Cy, are 
Oiv^ I f^) and sensitive to the underlying strong dynamics giving rise to the composite nature 
of the Higgs, while effects in the second class, Cg and c^, are parametrically O^g^f^^v'^ /g^p).^ 
Notice that by the last estimate we indicate collectively both mf/m^ in the top sector 
and m^r/m'^, in the vector sector, which in given models could be quantitatively quite 
different. In fact we know that in little Higgs model (mt/m^)^ is preferred to be large, by 
naturalness considerations, while m^/m^, is preferred to be small by the constraint on the 
S parameter. 

We will consider the expected size of v"^/ p in two broadly defined scenarios: the composite 
Higgs model without the collective breaking mechanism (nCB), which includes the original 
Georgi-Kaplan model and the holographic Higgs model, and the little Higgs models (LH) 
which implement the collective breaking. The two scenarios differ in the way they engineer 
a hierarchy in v/ f: 



nCB : - = 0{l) X e^cB. ^H : - = O J x e.u. (104) 

where the e's quantify the amount of tuning in electroweak symmetry breaking. In the 
absence of fine-tuning, e = 0(1), there is no separation in the two scales v and / in the 
nCB models while a separation of one-loop order is achieved in LH theories via the collective 
breaking mechanism. In this case the j p effect in LH is always smaller than in the nCB 
models by a loop factor, unless gp ~ 47r. (However in this case the Higgs mass in LH is 



^ Recall that the SM contributions to Cg c-y start at one-loop order. 
See the discussion in Section 3 of Ref. [isl . 
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fine-tuned and collective breaking does not work.) The situation changes when one considers 
precision electroweak constraints such as the S parameter 13|: 



S<2xl0-'^^. (105) 
The contribution to S in both nCB and LH models, barring T-parity, is given by 

^~^ = %x^. (106) 



Therefore the S parameter requires 



P ~ gi^, 167r2 167r2 



(107) 



which can be achieved in LH theories without fine-tuning, ein ~ C^(l)) while in nCB the 
amount of fine-tuning necessary is (^p/lOvr^. 

The relative importance of the 0{v'^ / p) effects from Oh and Oy is determined by com- 
paring Eq. (I107P with the SM one-loop effect, which is 0{g'^gj^ /IQn"^). In nCB models we need 
Qp ^ Qshh otherwise the Higgs quartic coupling A ~ ggj^gp/lGn'^ is too small and the Higgs 
mass is below the direct experimental lower bound. In LH, instead, the quartic coupling 
arises at tree level A ~ g^j^^ and thus the lower bound on the Higgs mass does not constrain 
gp, which can be as small as ~ gsM- Of course in both nCB and LH the constraint gp < Air 
is required to have some calculability. But notice also that in nCB models bigger gp means 
less tuning is needed to satisfy Eq. ( 1107p . In the end, v"^/ p in nCB models is expected to be 
much larger that the typical SM one-loop effect, while in LH models f^//^ can be as small 
as the typical SM one-loop effect. However, as discussed in Ref. [13i], precision electroweak 
constraints do not prefer such a low value of j p in LH, which can conceivably be slightly 
bigger without making the LH model less plausible (that is more fine-tuned). The only LH 
model where gp ~ gsu is mandated is the one with T-parity, in which case precision elec- 
troweak constraints are avoided due to T-parity. We conclude that, in a significant region of 
parameter space of nCB and LH, the effects associated to ch and Cy do stand out over the 
'background' of ordinary one-loop effects within the SM. Especially for nCB models where 
I P is favored large, effects of cu and Cy have a chance of being detectable at the LHC. 
Needless to say, they are surely of interest for precision measurements at a linear collider 
working as the Higgs factory. 

Now we discuss the second class of effects, focusing on Og. As mentioned above, the size 
of the effect here comparing to the SM contribution is 

- X 7^- (108) 



m: 



So, even without fine-tuning, in LH models this effect is formally one SM-loop smaller than 
the SM top effect, i.e. it is of the order of NLO effects in the SM. In nCB theories, given 



11 



Such a small quartic was the fatal problem of the first attempts to gauge-Higgs unification in extra- 
dimensional theories, see for instance a discussion in Ref. 55 1. 



28 



the fine-tuning necessary to satisfy tlie S parameter, tfiis is also suppressed by a SM loop 
factor, without the {Qp/ QsmY enhancement seen in the first class of effect. However, if the 
Higgs is naturally hght and close to the LEP lower bound, the top quadratic divergence in 
the Higgs mass is cut off by the top partner, 

3\2 

5ml ~ ^^T, (109) 

which implies ttit is only a few hundreds GeV. Therefore, it is important to stress that, 
although formally a loop factor, mf/m'^ could end up being numerically important. 

It is finally worth mentioning a class of models for which the SILH power counting does 
not apply because of symmetry reasons and the (more) fundamental nature of the Higgs. 
This class includes models with a fundamental Higgs scalar and a new parity at the TeV 
scale, such as the R-parity in supersymmetry and KK-parity in extra-dimension In 
this case the Higgs sector does not belong to a nlcrm (below at least tens of TeV) and 
the only contributions to Ch and Cy come from integrating out heavy vectors and scalars, 
which can only be loop-induced due to the new parity. Then ch and Cy are in the order of 
(S'Im/IStt^) X (f2//2), where we have taken the typical coupling strength associated with 
the heavy particle to be gsM, as is the case in existing literature. Furthermore, the scale / 
is defined as the ratio of the heavy mass rrinew with Qsm- As such, these effects are much 
smaller than the SM one- loop effect. On the other hand, the effects in Cg and are still 
suppressed by ^|Af/'"^ne«); which could turn out to be numerically important if ninew is not 
too far from the mass of the SM particles associated in the process. 

We summarize the discussion above as follows: 

• The effects of ch and Cy can stand out over SM loop effects for nCB and LH models 
with gp 3> gsM- On the other hand, for the same models, the effects of Cg and are 
formally of order ~ ggj^/lGir'^ with respect to the leading SM contribution. 

• In the main stream choice of LH parameters where gp ~ gsM and for the T-parity mod- 
els^^ the effects of ch, Cy, Cg, and Cy are all formally of the order of NLO contributions 
in the SM. 

• In models that do not address the little hierarchy problem (such as UED) the effects 
of Ch and Cy can even be smaller than g'gj^j/lGn'^, while Cg and Cy can be enhanced 
over ggnj/lGn'^ due to the lightness of new heavy states. In this scenario the Higgs is 
a fundamental scalar up to at least tens of TeV and there is a new parity at the TeV 
scale to suppress tree level effects from integrating out heavy particles. 

A final word of caution: when we classify effects as being ~ one-loop in SM, it is important 
to keep in mind that in the SM there is indeed a wide spectrum of one-loop effects ranging 
from aw/4:7T ~ 0.1%, appearing in electroweak precision quantities, to SAj/Svr^ ~ 5%, 
controlling threshold corrections to the Higgs mass from heavy states. Our estimate of the 
size of the effects has to be taken cum grano salts as a rough guideline. 



KK parity models have normally a cut-off exceeding 10 TeV, and thus the Higgs can be taken as elementary 
to a good approximation. 

With T-parity, even though there is no tree level effect from integrating out heavy states, there are still 
contributions to ch and Cy from the nlcrm in the UV. 
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Let us now synthesize the information we obtained on the signs of ch and Cy, which are 
scattered in previous sections. 



B. Sign of Ch 



In the hmit where the SM gauge couphngs are turned off, ch can be related to UV physics 
via a dispersion relation in Eq. ( H5|l . The presence of two contributions of opposite sign in 
the dispersive integral suggests that, unlike other forward amplitudes, no general positivity 
theorem can be proven for ch- In addition to deriving the dispersion relation, we explicitly 
computed three leading sources for Ch- the genuine nlcrm contribution c^-* in Eq. ( 152]) . and 
the contributions from exchanges of scalars and vectors, c^^ in Eq. f l54p and c^"* in Eq. (170]) . 

respectively. We found that c^'' and c^^ are always positive while c^'' is negative when there 
are triplet scalars, which nicely fits with the expectation from the dispersion relation that 
Ch could be negative only in the presence of a doubly-charged state. 

Despite a negative ch from triplet scalars, by a detailed study of the phenomenologically 
relevant cases, we discovered that in the end the total ch resiliently comes out positive. In 
fact we present below a proof that ch is positive in a general httle Higgs type of theories. 

First it is useful to recall the general structure of composite Higgs models. At the level 
of the microscopic theory above the scale / and neglecting Qp, one has a nlcrm based on 
the coset G/H to which the Higgs belongs. Neglecting the existence of fermions for now, 
when Qp is turned on with gsM = the coset is reduced to Gir/Hir, which means that by 
integrating out the scalars and the vectors at the scale rrip the Higgs sector is still exactly 
described by a Gir/Hir nlcrm. Introducing the fermions would not spoil the Gir/Hjr 
coset structure as long as the fermion is only charged under Gjr. In this case, we could 
immediately conclude that the value of ch below rup must flow to that of a Gir/Hjr nlcrm 
and be positive, despite the negative contribution from triplet scalars. 

After turning on gsM the residual Gjr is exphcitly broken down to the SM gauge group, 
and the Higgs is no longer described by an exact nlcrm. In other words, at the scale below 
uip the effective theory using a Gjr/Hjr nlcrm is only valid up to corrections of 0{ggf^^/gp). 
Thus in the limit gp 3> gsM the infrared coset structure is a good approximation of the 
Higgs sector, while away from this limit one cannot claim any coset structure in the effective 
Lagrangian below rrip}^ 

The above arguments indicate the total contribution to ch below nip is positive in the 
limit where 0{gg^,j/gp) corrections are negligible: 

lim CH = cP + c'^^'> + c'-;;^ > 0. (110) 

9p>9SA/ 



^'^ More specifically, Gm {Hm) can be generators in G [H] which commute with the generators gauged with 
strength gp. 

For instance in the SU{b)/ SO{b) littlest Higgs where two copies of SU{2) subgroups are gauged, the UV 
coset is SU{5)/SO{5). In the limit in which one gauge group, say SU{2)ji, is more strongly coupled than 
the other, gn — gp ^ ^ 9sm, the Higgs sector below the heavy vector and heavy scalar mass scale 
(mp) is described by a SU{3)/SU{2)l nlcrm [l3|, up to effects of order gsAi/gp, if the SM fermion is 
charged only under weakly gauged SU{2)l- 
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The only possible negative contribution is in c^"*, when triplet scalars are present, which 
cannot overcome other positive contributions. Now consider a LH theory without T-parity 
where the SM fermion is charged only under the weakly gauged SU{2)l group. Due to 
the collective breaking structure, the form of the scalar potential in a general LH model is 
identical to the one in Eq. f l58|) . where we showed the triplet scalar contribution 

is maximally negative when Qp ^ gsM (or equivalently gji 3> gi)- On the other hand, we 
see from Eqs. (132!) and (11371) that neither c^-* nor c^-* is dependent on gp and gsM- Then 
the fact that the scalar contribution c^'' becomes less negative when gp ~ gsM implies 

lim ch > lim ch > 0. (112) 

We conclude that in all LH models without T-parity ch > 0. 

The other case of interest is LH theories with T-parity. In this case gi = Qr and the 
Gjr/Hj{i coset structure is completely lost in the infrared. However, since there is no tree 
level interaction between heavy vectors and scalars with the SM matter, c^'' = c^^ = 0, we 
conclude ch > in LH models with T-parity. 



C. Sign of Ch + 2cy 

Although Cy modifies the Yukawa coupling of the fermion, in on-shell coupling of the Higgs 
with the fermion the physical combination is ch + 2cy. Thus, instead of making a statement 
on Cy, here we will establish the positivity of ch + 2cy. In this case we can identify four 
classes of effects: a genuine UV contribution in Eq. (l32l) . a contribution from integrating 
out heavy scalars and vectors, as in Eqs. (!57|) and (!73l) respectively, and a non-universal 
contribution associated with the non-linearity in the Yukawa interaction in Eq. (!83|) . The 
total contribution is 

CH + 2cy = [cP + 24^^)] + [c^^ + 24^)] + [eg) + 24^)] + 2cW. (113) 

We have proven that all three contributions in the square bracket are positive, even though 
Cy''\ c^^ (in the presence of triplet scalars), and clj'^ are negative. Moreover, in Section HV Dl 
we remarked that Cy '' > in all phenomenologically relevant models we surveyed. Thus, 
we conclude in all composite Higgs models that are presently on the market, ch + 2cy > 0, 
implying the Higgs coupling to the quark is reduced. 



D. Summary 

In this work we initiated a study on theoretical constraints on Higgs effective couplings. 
In particular, we consider four dimension-six operators. Oh, Oy, Og, and O^, which could 
directly impact the production and decay of the Higgs boson, among others. The operator 
Oh, in addition, affects the scattering of the longitudinal components of the SM W boson. 
We have identified several sources for these operators, depending on the nature of the Higgs 
boson. First, if we assume the Higgs is a fundamental scalar, we find 
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• the contribution from integrating out heavy states at tree level satisfies ch > except 
when there are the triplet scalars coupling to the Higgs, implying the on-shell coupling 
of the Higgs boson is reduced from the SM expectations if effects from other operators 
can be neglected. 

• Ch + 2cy > when integrating out heavy scalars (including the triplet scalars) and 
vectors, implying the overall Higgs coupling to fermions are reduced from the SM 
expectations. 

• < if there is a new colored fermion canceling the top quadratic divergence, im- 
plying the interference with the SM top is destructive, while > if the new colored 
fermion add to the top quadratic divergence. Similarly for c^. 

Next assuming the Higgs sector is composite and belongs to a nlcrm, we find 

• Ch > and Ch + '2cy > for the contribution from the non-linearity in the Higgs 
kinetic term. 

• Cy > for the contribution from the non-linearity in the Yukawa interaction, among 
the models we surveyed. 

Finally assuming the underlying model has a collective breaking mechanism such as in little 
Higgs theories, 

• Ch > even in the presence of triplet scalars. 

One representative observable for which our analysis could be useful is the production 
cross section of the Higgs boson in the gluon fusion channel, which is the dominant produc- 
tion mechanism of the Higgs in a hadron collider. In this particular case we are able to make 
the statement that, in all composite Higgs models, the production cross section is reduced 
from the SM expectation. As another example, the Higgs coupling to the SM top quarks, 
relevant for the associated Higgs production with the top quarks, is also reduced from the 
SM expectation. 

The size of the effects from these operators depends on the particular underlying model. 
In most cases, they are expected to range from modest, in the order of 10 — 30%, to as small 
as the SM one- loop effect, in which case it will be impossible to observe them at the LHC 
(56| . However, in the event that an enhancement over the SM expectation is observed in the 
experimental observables mentioned above, our results show that all the composite Higgs 
models will be strongly disfavored. In this case, very likely the naturalness principle fails 
to work (at least in the top sector), or there exists SU{2)l triplet scalars giving rise to a 
large contribution in Oh-^^ More radically, there is also the possibility that the scalar being 
observed is the dilaton instead (sTj . 

The theoretical results in this study motivate to further improve on both the theoretical 
and experimental uncertainties |58|] in the extraction of Higgs production rate in the gluon 
fusion channel at the LHC. On the other hand, in the unlikely situation of a null discovery 
at the LHC, our work suggests that a wealth of information could still be revealed by precise 
measurements of the Higgs coupling, which could be achieved in a high energy e^e~ collider 
such as the International Linear Collider or even a photon collider. 



To avoid constraints from the p parameter the triplet scalars would have to be in the (3^, S^j) represen- 
tation of 50(4) ~ SU{2)l X SU{2)r. 
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APPENDIX A: 50(4) Generators and Notations 

In this appendix we list the basis of 50(4) generators adopted in this paper. The 5*0(4) 
commutation relations are 

^rpmn yopj ^^morpnp ^mprpno _j_ ^nprpmo ^norpmp'^ (114) 

V2 

where {m,n,o,p} = {1,2,3,4}. There are several ways to decompose the generators into 
SU{2)l X SU{2)r. Our choice is 

= [^{T'' - ^{T^' - ^(T- - T^^)} , (115) 

= {^(T^^ - -^{T^' - -^{T^' - T^^)} , (116) 

where A = {1, 2, 3}. Then it is straightforward to check that 

[T^^T^^]=.e^^%,,T^^, (117) 

with {x,x'} = {L,R}- The hypercharge generator Y = T^. Generators in the vector 
representation of 50(4) is given by 

(T"^")op = — ^(5'"°5"P - 5"°5"^^'), (118) 
v2 

which results in the normalization Tr (T"^T^) = S^^. 

Given the above basis, for an 50(4) vector h = {h^ , h'^ , , h'^)'^ , the SU{2)l x U{1)y 
representation is 

When the neutral component gets a VEV, (h) = v = 245 GeV, the 50(4) = SU{2)l x 
SU{2)r is broken down to the diagonal subgroup which is the custodial SU{2)c- 



APPENDIX B: Integrating Out Heavy Vectors Within the NLSM 

In this appendix we compute effects of integrating out heavy vector fields in a general 
nlcxm, and verify explicitly that ch contains no effects of the order Qsm/Qp- As mentioned in 
Section [Tll we would like to use an operator basis in which all new physics effects, including 



33 



those from integrating out heavy fields, are obhque. Some care must be taken to preserve 
this operator basis when integrating out heavy vector fields. The most straightforward way 
is to use the gauge field coupling to the SM fermionic current as the interpolating field for 
the low-energy field; the heavy field can be any combination that is linearly independent of 
the low-energy field, for example the heavy mass eigenstate. This is the interaction basis 



taken by Refs. [21|, |22| and will be adopted here. Alternatively, one could use the mass 
eigenstates for both the heavy and light gauge fields, and then perform a field-redefinition 
in the massless gauge field to eliminate non-oblique operators. It can be verified that such 
an approach yields identical results. 

The scenario of most interest, which we consider here, is gauging two subgroups Qi x Q2 
of G with corresponding gauge fields giA^Q^ and (72^2^25 which is broken down to the 
diagonal subgroup with generators = Qi + Q2 ■ The broken axial subgroup Qa has 
generators = — Q2 • It is convenient to define 

Ag = giAWi + ^/2A?Q^ = + AIQ% (120) 
a: = \{g,A",+g2A'^,), A\ = \{g^A1 - g^A^). (121) 

The Cartan-Maurer one-form is 

u\d + %Ag)U = lA, + iAa + '-DgH + ^[n, DgH] - ^[n, [n, DgH]] + 0(i//'), (122) 

where -DgH = dll + i [Ag-, H] is the gauge- covariant derivative of 11 under the full symmetry 
group G. In the above we have suppressed the Lorentz index to avoid cluttering of indices. 
The Goldstone-covariant derivative is 

iv^x^ = lA^^Qi + '-D,u --j[^A, n]x + ^[n, D,u]x + ^[n, i[Aa, Mx + ■■■ • (123) 

Note that -0^,11 = 911 + i[A^^ 11] only has component along the broken generator. 

At this stage we need to specify the interpolating field we use for the heavy and the light 
gauge fields. We assume that the SM fermion ip is charged only under one of the gauged 
S'[/(2)'s, say S'[/(2)i, which is the case for models without T-parity.^'' Therefore we will 
choose A", which couples to the SM fermionic current, as the interpolating field for the 
low-energy gauge boson. On the other hand, it is most convenient to choose the heavy 
mass eigenstate, A'^ = {giA" — (72^2)/ ^/ gf + gli as the heavy field to integrate out, which 
is linearly independent of (although not orthogonal to) A^. We will be using the following 
definitions for the gauge couplings 



9 = \l9l + 9l 90 = ^==, (124) 

^ V9! + 9I 

where g plays the role of gp and characterizes the mass of the heavy gauge boson = 
g'^P/i, as we will soon see, and go is the gauge coupling for the unbroken gauge group. 



For models with T-parity the SM fermion could be charged under both gauged iS'J7(2)'s. However, in this 
case the heavy gauge boson is T-odd and no tree level effect is generated after integrating out the heavy 
boson. 
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Given the above digression, we can write 

A: = g,A-,-]^gAl, A\ = \gAl. (125) 
Then the leading two- derivative interaction Lke in the nlcrni contains 

I^KE = y'^^V'^ = la'fAl + ^D.W^D.n^ - ^gAUn. + \9AUnA + " " " , (126) 
J^, = zTr(g^[n, D,U]), J^^ = zTr(Q- [n, D^U]), (127) 

where Dili = dU + igiA'^[Q'^, U] is the gauge-covariant derivative of 11 with respect to the 
low-energy field Ai. We see explicitly that the heavy gauge boson mass is = g'^p/2}^ 
Notice that in the case of symmetric coset, Jg^ = 0. Since we are only interested in effects 
of integrating out Ah at the tree level, which entirely come from the cubic interaction of Ah 
with two Goldstone fields, we have dropped quadratic interactions in Eq. fll26p . In addition 
to the Goldstone current coupling to Ah, we also need to work out the Yang-Mills Lagrangian 
in the basis {Ai,Ah): 



1 a 2 1 
_}_( Tpa \2 _ _9_ ( Tja \2 



^^2 

where we have rescaled Ai — )■ Ai/gi and the rank- two tensor if^^, is defined as W^^^ = 
Difj_Af^j^ — DiuAf^^. We have also defined the gauge current 

J7 = (Di,Fn". (129) 

From the Lagrangian Cke + (^ym we see the relevant interactions for integrating out Ah at 
the tree level is 

Cke + Cym D ^m^,(A)' + A^J^t , (130) 
JZt = —gJu. + \gJL - jlJp- (131) 

Integrating out Ah then generates the following dimension-six operators: 

1 .,a^2 1 1 ^ ^' 11/^ I. \ . 11 



'2^}^'"'^ --47^l,'^"^-2'^"-J "7^Ir"^"2'^"-J'^^~7^^'^^' ^^^^^ 

where the first term contains Oh and Or-, the second term gives the operator proportional 
to cw and c^, while the last term is the operator 02w- The important observation here, 
which we use later to establish the positivity of ch in little Higgs models, is the coefficients 
of Oh and Or do not depend on the gauge coupling constant. 



18 In our normalization Tr(Q^Q(^) = Tr(g^g^) = 25°"^. 
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To compute the coefficients ch and Cy explicitly, it is convenient to define the following 
fourth-rank tensor that is very similar to T"''^'^ in Eq. fl26|): 



-=abcd 1 , 



Then 



1 
4f 



ja ja 



(133) 



(134) 



7""'"^'^ is similar to T"-^'^'^ because (ac) and (foe?) components are anti-symmetric, and the same 
reasoning leading to Eq. (!29l) implies 



(135) 



The sign of the coefficient can be deduced from looking at, for example, the T 
component: 



4e 



r"*Tr(Q°r) - ^/'^"'=Tr(Q^X^ 



< 0. 



(136) 



Thus we have, identical to Eq. f p2|) . 



-6a+ > 0, 4'') = 2a+ < 0, cj^^ + 2c^'^ = -2a+ > 0. 



(137) 



where the signs of ch and ch + 2cy are both positive. 
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